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Abstract
Let F be a free group of rank two or more. Aut(F) acts on the Gromov boundary ∂F as a group
of homeomorphisms. The maximal subgroups G < Aut(F) containing Inn(F) that act as discrete
convergence groups on ∂F are finite extensions of Inn(F). Ó 2001 Elsevier Science B.V. All rights
reserved.
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Introduction
Various mathematicians have shown that if G is a negatively curved (word-hyperbolic)
group [6], the left action of G on its Gromov boundary ∂G makes G a convergence
group [3,12,1]. Mosher et al. [8] observed that this action is identical to that of the inner
automorphism group Inn(G). The natural question that this paper addresses is: “What other
subgroups of Aut(G) have a convergence action on ∂G?” Since most one-ended negatively
curved groups have finite Out(G) [10,11], the most interesting case may well be when
G= F , a free group of rank 2 or more.
A generic automorphism of F may have decidedly non-simple dynamics on ∂F .
The limiting behavior of a distinct sequence of such automorphisms can be extremely
complicated. Using a result from [4] this author is content to classify the simplest groups
in terms of dynamic type:
Corollary 2.5. If H < Aut(F ) is any extension of Inn(F ) acting on ∂F as a discrete
convergence group, then H is an extension of Inn(F ) by some finite T <Out(F ).
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1. Preliminaries and examples
The principal properties of convergence groups can be found in [5,12]. The former is an
elegant paper showing that many of the properties of Möbius groups do not depend on an
analytic structure on Sn but rather a simple topological condition.
Let G be a group of homeomorphisms of Sn. Then G is a (discrete) convergence group
if given any infinite family of distinct gm ∈ G, there are (not necessarily distinct) points
x, y ∈ Sn and a (sub)sequence gj such that
gj (z)→ x locally uniformly on Sn \ {y}, and
g−1j (z)→ y locally uniformly on Sn \ {x}.
For the above sequence x is the attracting limit point and y is repelling.
Tukia’s paper [12] extends most of the theory to a group of homeomorphisms of a first
countable, compact Hausdorff space X. Further discussion is found in [4]. Recall that the
ordinary set Ω(G)⊂X consists of the points whereG acts properly discontinuously while
its complement L(G) is the limit set. The limit set is closed and contained in the closure
of any orbit Gx of a point x ∈X (see 2S of [12]). A convergence groupG is elementary if
L(G) contains less than three points, nonelementary otherwise. If G is Abelian or torsion
or a finite extension of Z, then G is elementary, see Section 5 of [5]. On the other hand G
is nonelementary if and only if it contains a free subgroup of rank 2 (2U of [12]). Every
g ∈ G is one of three mutually exclusive types: g is elliptic if g is torsion, parabolic if
g is non-torsion and fixes exactly one x ∈ L(G), loxodromic if g is non-torsion and fixes
exactly two limit points. Applying the convergence property to 〈g〉 for loxodromic g, one
sees that one of the limit points is attracting, the other repelling. Evidently any subgroup of
a convergence group is a convergence group. There is a theory developed for non-discrete
convergence groups in [5,12]. All groups in this paper will be assumed discrete unless
otherwise noted.
Definition 1.1. The triple space associated to a topological space X is the set
T = {(x, y, z) ∈X3: x 6= y 6= z 6= x}
endowed with the subspace topology of X3.
The following characterization of convergence groups has appeared in several places. It
is proved in full generality in [1].
Theorem 1.2. Let X be compact Hausdorff and first countable. Then G is a convergence
group on X if and only if G acts properly discontinuously on T .
Let F = 〈x1, x2, . . . , xn〉, n > 2. As a convergence group, F ∼= Inn(F ) is purely
loxodromic. Recall that ∂F consists of rays in the Cayley graph of F with edges labeled
by the generators and their inverses, and is homeomorphic to a Cantor set. The “rational”
points at infinity are those rays whose edge labels are eventually periodic. These are the set
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of all loxodromic fixed points {x ∈ ∂F : ∃f ∈ F with f (x)= x}. If R = r1r2r3 · · · ∈ ∂F is
a ray and α ∈ Aut(F ) then α(R) is the ray with edge labeling α(r1)α(r2)α(r3) · · ·.
The following example shows that a very simple automorphism can have a a complicated
action on ∂F .
Example 1.3. Let F = 〈a, b〉. Define the elementary Nielsen transformation α :F → F
by a 7→ ab and b 7→ b. Denote the rays bbbb · · · and b−1b−1b−1b−1 · · · by b+∞ and b−∞,
respectively. The rays ab−∞, b+∞, and b−∞ are all fixed by α. Any ray beginning with a
except for ab−∞ tends to ab+∞ under iteration by α. More generally, all rays of the form
bna · · · or b−na · · · converge to bnab+∞, with the exceptions of bnab−∞ and b−nab−∞
which are fixed.
Example 1.4 (Levitt). Let F = 〈a, b〉. Define β :F → F by a 7→ a and b 7→ aba. Label
the two obvious fixed points by a+∞, a−∞. Let w ∈ F be any word with initial subword
akb where k is any integer. Then βn(w)→ a+∞ as n→+∞. Similarly if v ∈ F starts
with akb−1, then βn(v) converges to a−∞. Thus for any neighborhood U ⊂ ∂F of a+∞
there are points converging to a+∞ and points converging to a−∞. Although there are
exactly two fixed points, neither is attracting hence β is not loxodromic.
Example 1.5. Let F = 〈a, b〉. Define γ ∈ Aut(F ) by a 7→ aba−1 and b 7→ a. Although γ
is not an inner automorphism, γ 2 is conjugation by ab, therefore γ is loxodromic. In fact,
γ is transposition of a and b composed with conjugation by a. More generally, if τ is any
periodic automorphism and ι is an inner automorphism, then ιτ will have a loxodromic
action on ∂F .
Example 1.6. Let F = 〈a, b, c〉. Define δ ∈ Aut(F ) by a 7→ aba−1, b 7→ a, and
c 7→ (ab)c(ab)−1. Then δ4(a) = (ab)2a(ab)−2, δ4(b) = (ab)2b(ab)−2, while δ4(c) =
(ab)4c(ab)−4. Thus no power of δ is an inner automorphism. Still, 〈δ〉 is an elementary
loxodromic convergence group on ∂F fixing (ab)+∞ and (ab)−∞. Define ε by ε(a) =
(bc)2a(bc)−2, ε(b) = (bc)4b(bc)−4, ε(c) = (bc)2c(bc)−2. Then using a Schottky-type
construction (see 2K of [12]) there are integers j, k such that δj , εk generate a free
nonabelian convergence group.
2. Principal results
Assume F is a free group and rank(F )= n <∞. A necessary (but not sufficient, see [5])
condition that G < Aut(F ) is a convergence group is that every element is either elliptic
(torsion), parabolic, or loxodromic. The easiest case is if G is a torsion group. By [13]
there are no infinite torsion subgroups of Aut(F ), in fact the maximal torsion subgroups
are conjugate to the extended symmetric groupΩn of order 2nn! [9]. Therefore all torsion
subgroups are finite elliptic.
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By a theorem of Levitt et al. [7], every non-torsion α ∈ Aut(F ) is periodic on at least
2 points, i.e., there exists n ∈ Z such that αn(x) = x for at least two distinct x ∈ ∂F .
Consequently, there can be no parabolic elements in Aut(F ).
Call w ∈ F primitive if w generates a maximal cyclic subgroup of F , in other words,
w has no proper roots in F . A loxodromic α ∈ Aut(F ) cannot fix two distinct primitive
v,w where v 6= w−1, else α would fix more than two points in ∂F (namely v+∞,
v−∞,w+∞,w−∞).
Assume that δ is loxodromic and fixes a primitive v ∈ F . Let β be conjugation by v.
If 〈β, δ〉 is a discrete group, then δj = βk for some exponents j, k (see 6.9 of [5]). Let
H = 〈Inn(F ), δ〉 where δ and F are from Example 1.6. Since no power of δ belongs to
Inn(F ), H cannot be a discrete convergence group.
In a discrete group, the fixed point sets of two loxodromic group elements either coincide
or are disjoint (2G of [12]). Supposing 〈Inn(F ),α〉 ⊂ Aut(F ) is such a group and α
fixes one “rational” point ξ ∈ ∂F , then α must fix another as well (there is an inner
automorphism fixing such ξ ). The existence of a loxodromic automorphism α fixing two
“irrational” rays seems highly unlikely but is an open question.
Proposition 2.1. Let G be a torsion-free nonelementary convergence group acting on
a compact Hausdorff space X. Suppose let T be a finite subgroup of Aut(G), and let
A= Inn(G). Then the group generated by A and T is a nonelementary convergence group
on X.
Proof. Since A is normal in Aut(G), the group generated by A and T is
AT = {at: a ∈A, t ∈ T }.
Also T is torsion and A is torsion free, so the product structure on AT is unique. The
second isomorphism theorem says
AT/A∼= T/(A∩ T )∼= T/1= T ,
so AT is a finite extension of A.
Now let {aiti}∞i=1 be any sequence in AT . Pass to a subsequence {aj t} for some fixed
t ∈ T , and a further subsequence {akt} such that {ak} ⊂ A is a convergence sequence
with attracting and repelling limit points x, y , respectively. Then {akt} is a convergence
sequence with attracting and repelling limit points x, t−1(y), respectively. 2
Remark 2.2. The only use of Proposition 2.1 will be in the special case of a free group
acting on its Gromov boundary.
Theorem 2.3. If H is a (discrete) nonelementary convergence group of the first kind (i.e.,
the ordinary set is empty) acting on X, N G H , and the action of N on T is cocompact,
then H is a finite extension of N and H acts cocompactly on T .
Proof. This is 3.4 of [4]. 2
Remark 2.4. In fact N , and thereforeH , are negatively curved groups by [2].
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Corollary 2.5. If H < Aut(F ) is any extension of Inn(F ) acting on ∂F as a convergence
group, then H is an extension of Inn(F ) by some finite T <Out(F ).
Proof. Inn(F ) ∼= F is negatively curved and hence acts as a convergence group on its
Gromov boundary ∂F . Such an action is always cocompact [8]. Therefore H is a finite
extension by Theorem 2.3 (and negatively curved as well via [2]). The quotient T ∼=H/F
is a finite subgroup of Out(F ). 2
Remark 2.6. If there does exist a loxodromic automorphism α fixing “irrational” points
in ∂F , let H = 〈Inn(F ),α〉. Clearly Inn(F ) G H is of infinite index so H cannot be a
(discrete) convergence group on ∂F by Corollary 2.5. This line of reasoning also gives
another argument that H = 〈Inn(F ), δ〉 of Example 1.6 cannot be a discrete convergence
group.
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